
State Space Models, Lecture 3a
The Formalism

27 April 2018

Kevin Van Horn
© 2019 Adobe Inc.�



Formal Definition of a DLM (1)

Parameters:
I p, the dimensionality of observation vectors.
I m, the dimensionality of the latent state vectors.
I Zt for all t ≥ 1, a p ×m matrix relating the latent state to the

observations;
I Tt for all t ≥ 1, an m ×m transition matrix for the latent

state;
I Ht for all t ≥ 1, a p × p covariance matrix for observation

disturbances;
I Qt for all t ≥ 1, an m ×m covariance matrix for the

latent-state disturbances;
I a1, an m × 1 vector giving the prior mean for the latent state;
I P1, an m ×m matrix giving the prior covariance for the latent

state.



Formal Definition of a DLM (2)

Variables:
I yt , the observation vector at time t.
I αt , the latent state vector at time t.
I εt , the observation disturbances at time t.
I ηt , the latent state disturbances at time t.

Equations:

yt = Ztαt + εt

α1 ∼ Normal (a1,P1)

αt+1 = Ttαt + ηt

εt ∼ Normal (0,Ht)

ηt ∼ Normal (0,Qt)



Example: White Noise

Equation:
yt ∼ Normal

(
µ, σ2)

As a DLM:

Zt = 1 Ht = σ2

Tt = 1 Qt = 0
a1 = µ P1 = 0



Example: Random Walk

Equations:

y1 ∼ Normal
(
µ, σ2

0
)

yt+1 = yt + εt

εt ∼ Normal
(
0, σ2

ε

)
As a DLM, using yt = αt :

Zt = 1 Ht = 0

Tt = 1 Qt = σ2
ε

a1 = µ P1 = σ2
0



Example: Zero-Centered AR(1)

Equations:

y1 ∼ Normal
(
0, σ2)

yt+1 = φyt + εt

εt ∼ Normal
(
0,
(
1 − φ2)σ2)

As a DLM, with αt = yt :

Zt = 1 Ht = 0

Tt = φ Qt =
(
1 − φ2)σ2

a1 = 0 P1 = σ2



Example: General AR(1)

Equations:

y1 ∼ Normal
(
µ, σ2)

yt+1 = µ+ φ (yt − µ) + εt

εt ∼ Normal
(
0,
(
1 − φ2)σ2)

As a DLM, with αt1 = yt − µ and αt2 = µ:

Zt = (1, 1) Ht = 0

Tt =

(
φ 0
0 1

)
Qt =

( (
1 − φ2)σ2 0

0 0

)
a1 = (0, µ) P1 =

(
σ2 0
0 0

)



Example: Local Linear Trend (RW)
Equations:

yt = αt + εt εt ∼ Normal
(
0, σ2

ε

)
αt+1 = αt + βt + ηαt ηαt ∼ Normal

(
0, σ2

ηα

)
βt+1 = βt + ηβt ηβt ∼ Normal

(
0, σ2

ηβ

)
α1 ∼ Normal

(
µα, σ

2
α

)
β1 ∼ Normal

(
µβ, σ

2
β

)
As a DLM:

Zt = (1, 0) Ht = σ2
ε

Tt =

(
1 1
0 1

)
Qt =

(
σ2
ηα 0
0 σ2

ηβ

)
a1 = (µα, µβ) P1 =

(
σ2
α 0
0 σ2

β

)



Example: Quasi-Sinusoidal

Equations:

yt = αt1

α1 ∼ Normal (0,Σ)

αt+1 = φUθαt + ηt

ηt ∼ Normal
(
0,
(
1 − φ2)Σ)

Σ = diag
(
σ2, σ2)

Uθ = counterclockwise rotation by angle θ

As a DLM:

Zt = (1, 0) Ht = 0

Tt = φUθ Qt =
(
1 − φ2)Σ

a1 = (0, 0) Pt = Σ



Example: Quasi-Periodic for moderate P
Equations

yt = βt,1

β1 ∼ Normal (0,Σeff)

βt+1 = φ ·
((

−
∑N−1

i=1
βt,i

)
, βt,1, . . . , βt,N−2

)′
+ εt

εt ∼ Normal (0, ρΣeff)

As a DLM:

Zt = (1, 0, . . . , 0) Ht = 0

Tt = φ


−1 · · · −1 −1
1 · · · 0 0
...

. . .
...

...
0 · · · 1 0

 Qt = ρΣeff

a1 = (0, 0) Pt = Σeff


