
State Space Models, Lecture 2
Local Linear Trend, Regression, Periodicity

09 April 2018

Kevin Van Horn
© 2019 Adobe Inc.�



Review of Lecture 1

State-space models:
I Unobserved hidden state
I Observed values: function of hidden state, plus noise
I Sum of SSMs

DLMs:
I Linear evolution of state; Gaussian (normal) noise
I Random walk: σ2

η

I AR(1): σ2
η, φ, µ

I Local level model: RW or AR1 plus noise
I Integrated RW / AR(1)



Local Linear Trend

Integrated RW / AR(1), plus LLM.

β ∼ AR1
(
φβ, µβ, σ

2
β

)
γ1 ∼ Normal

(
µγ0, σ

2
γ0
)

γt+1 = γt + βt

α ∼ AR1
(
φα, 0, σ2

α

)
yt = γt + αt + εt

εt ∼ Normal
(
0, σ2

ε

)
γt : trend; αt : local level; εt : noise.



Local Linear Trend (plot)



Time-varying Linear Regression

Linear regression with coefficients that vary over time.

yt = Xtαt + εt

εt ∼ Normal
(
0, σ2

ε

)
α ∼ AR1

(
φ, µα, σ

2
α

)
(Note: Xt is a row vector.)

Use case: external covariates.



Seasonality / Periodicity
“Seasonality”: repeating periodic pattern

I Daily
I Weekly
I Yearly



Periodic Model – Attempt 1

If period is N, use

yt = αt

α1 ∼ Normal
(
0, σ2)

...

αN ∼ Normal
(
0, σ2)

αt = αt−N for t > N

But this is non-Markovian:
I Should only have prior on α1.
I αt should depend only on αt−1.



Periodic Model – Attempt 2

Use standard trick:
Let βt = (αt , αt−1, . . . , αt−N+1)′.

Then

yt = βt,1

β1,i ∼ Normal
(
0, σ2) , 1 ≤ i ≤ N

βt+1 = (βt,N , βt,1, . . . , βt,N−1)′

But... not zero-centered: we require

N∑
i=1

βt,i = 0.



Periodic Model – Attempt 3

Define

βt,N = −
N−1∑
i=1

βt,i .

Then

yt = βt,1

β1,i ∼ Normal
(
0, σ2) , 1 ≤ i ≤ N − 1

βt+1 =

(
−

N−1∑
i=1

βt,i , βt,1, . . . , βt,N−2

)′

But the prior is asymmetric:

β1,N ∼ Normal
(
0, (N − 1)σ2)



Multivariate Normal Distribution

x ∼ MVNormal (µ,Σ)

N correlated variables, each having a normal distribution:
I µi : mean for xi
I Σii : variance for xi

I σi = Σ
1/2
ii

I Σij : covariance for xi and xj
I correlation is Σij/ (σiσj).



Symmetric Effects Prior
If x has length N − 1 and we use

x ∼ MVNormal (0,Σeff)

Σeff =


σ2 ρσ2 · · · ρσ2 ρσ2

ρσ2 σ2 · · · ρσ2 ρσ2

...
...

. . .
...

...
ρσ2 ρσ2 · · · σ2 ρσ2

ρσ2 ρσ2 · · · ρσ2 σ2


ρ = −1/ (N − 1)

xN = −
N−1∑
i=1

xi

then
I mean of xi is 0, 1 ≤ i ≤ N;
I variance of xi is σ2, 1 ≤ i ≤ N.



Periodic Model – Attempt 4

Define

yt = βt,1

β1 ∼ MVNormal (0,Σeff)

βt+1 =

(
−

N−1∑
i=1

βt,i , βt,1, . . . , βt,N−2

)′

But what if we want to allow the periodic pattern to slowly change
over time?



Quasi-Periodic Model – Attempt 1

Add some random drift:

yt = βt,1

β1 ∼ MVNormal (0,Σeff)

βt+1 =

(
−

N−1∑
i=1

βt,i , βt,1, . . . , βt,N−2

)′
+ εt

εt ∼ MVNormal (0, ρΣeff)

where Nρ� 1.

But random-walk behavior:

V [βti ] = σ2 (1 + (t − 1)ρ) , t ≥ 1, 1 ≤ i ≤ N

Magnitude of pattern increases, on average, over time.



Quasi-Periodic Model – Attempt 2

Add some damping (like AR(1) model):

yt = βt,1

β1 ∼ MVNormal (0,Σeff)

βt+1 = φ ·

(
−

N−1∑
i=1

βt,i , βt,1, . . . , βt,N−2

)′
+ εt

εt ∼ MVNormal (0, ρΣeff)

ρ = 1− φ2

where Nρ� 1. Guarantees

V [βt,i ] = σ2, t ≥ 1, 1 ≤ i ≤ N

But... What if N is large? (complexity, estimation)
Non-integer periods?



Fourier Series

Decompose periodic function f (x):

f (x) =
∞∑
k=1

(ak sin (2πkx/P) + bk cos (2πkx/P))

where P is the period.
I ak → 0, bk → 0 as k →∞
I smoother functions have fewer large ak , bk values
I approximate f (x) by truncating series.

Equivalently, use ak sin (2πkx/P + ϕk).



Quasi-Sinusoidal

Define QS
(
θ, φ, σ2)

yt = αt1

α1 ∼ Normal (0,Σ)

αt+1 = φUθαt + ηt

ηt ∼ Normal
(
0,
(
1− φ2)Σ)

Σ = diag
(
σ2, σ2)

Uθ = counterclockwise rotation by angle θ

=

(
cos θ − sin θ
sin θ cos θ

)
φ and ηt give us the “quasi.”



Quasi-Sinusoidal (2)
Some notes:

I Period of L corresponds to θ = 2π/L.
I To be approximately sinusoidal, φL should be close to 1.
I If φ = 1 then yt = f (t), where

a ∼ Rayleigh (σ)

ψ ∼ Uniform (0, 2π)

f (x) , a cos (xθ + ψ) .



Plots: L = 100, φL = 0.95, σ = 1



Plots: L = 100, φL = 0.99, σ = 1



Quasi-Periodic Model – Attempt 3

QP (L, φ, c) =M1 + · · ·+Mn

Mk = QS
(
2πk/L, φ, c2

kσ
2)

n∑
k=1

c2
k = 1.

Notes:
I Stationary mean is 0.
I Stationary variance is σ2.
I Non-integer periods allowed.
I Smaller n / more rapidly decreasing ck mean smoother pattern.

But how do we choose the coefficients ck?


