State Space Models, Lecture 2

Local Linear Trend, Regression, Periodicity
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Review of Lecture 1

State-space models:
» Unobserved hidden state
» Observed values: function of hidden state, plus noise
» Sum of SSMs
DLMs:
» Linear evolution of state; Gaussian (normal) noise
» Random walk: 0727
» AR(1): 0727, o, 1
» Local level model: RW or AR1 plus noise
> Integrated RW / AR(1)



Local Linear Trend

Integrated RW / AR(1), plus LLM.

B ~ AR1 (¢3, pg, 03)

1 ~ Normal (,uvo, aio)

Vel = Ve + Bt
a ~ AR (¢4,0,02)

Ye =7t o+ €

€+ ~ Normal (0, 062)

~¢: trend; aq: local level; €;: noise.
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Time-varying Linear Regression

Linear regression with coefficients that vary over time.

yr = Xtar + €

e: ~ Normal (0, 062)

a~ AR1 (qb,ua, ai)
(Note: X: is a row vector.)

Use case: external covariates.



Seasonality / Periodicity
“Seasonality’: repeating periodic pattern
» Daily
> Weekly
> Yearly
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Periodic Model — Attempt 1

If period is N, use

Yt = Q¢

ay ~ Normal (0, 02)

ap ~ Normal (O, 02)
ar =y fort>N

But this is non-Markovian:
» Should only have prior on ;.

» «; should depend only on a;_1.



Periodic Model — Attempt 2

Use standard trick:
Let ,81_- = (Oét, [0 7 70[1_»_N+1)

Then

/

Y = Bt,l
B1,i ~ Normal (0,02) , 1<i<N
Bes1 = (Bens Bty - Ben—1)

But... not zero-centered: we require

N
> Bei=0.
i=1



Periodic Model — Attempt 3

Define
N—1
Bt,N = - Z Bt,i-
i=1
Then

Yt = 5t,1
B1,i ~ Normal (0,02) , 1<i<N-1

N-1 !
Bev1 = <— > Beis Beas- - ,Bt,N—2>
i—1

But the prior is asymmetric:

f1,n ~ Normal (O, (N—-1) 02)



Multivariate Normal Distribution

x ~ MVNormal (p, X)

N correlated variables, each having a normal distribution:

> u;: mean for x;

» Y variance for x;
1/2
> 0i = Zii/

» X : covariance for x; and x;

» correlation is X/ (0i0;).



Symmetric Effects Prior

If x has length N — 1 and we use

x ~ MVNormal (0, X.g)

o2 po? - po? po?
po’ o® - po? po?
Ta=| ¢ 1o
po® po® - o% po
po? pa® - po? o2
p=—1/(N-1)

N—-1
XN = — E Xj
i=1

then
» meanof x;is 0, 1 </ < N:

» variance of x; is 02, 1 < i < N.



Periodic Model — Attempt 4

Define

Ye = Bt,l
B1 ~ MVNormal (0, Xcg)

N-1 !
Bev1 = (- > Beir Beas- - 7/8t,N2>
i=1

But what if we want to allow the periodic pattern to slowly change
over time?



Quasi-Periodic Model — Attempt 1

Add some random drift:

Yt = ﬁt,l
51 ~ MVNormal (0, Zeff)

N—1 !
Bry1 = <— Z Btis Beas - - 75t,N—2> + €
i=1
e: ~ MVNormal (0, pX.g)

where Np < 1.

But random-walk behavior:
VBl =c?(1+(t—1)p), t>1,1<i<N

Magnitude of pattern increases, on average, over time.



Quasi-Periodic Model — Attempt 2

Add some damping (like AR(1) model):

Yt = /Bt,l
f1 ~ MVNormal (0, Zcg)

N—1 !
Ber1 = ¢ - (‘ Z Bt,ir Bty - - Bt,N—2> + €
i=1

€ ~ MVNormal (0, pX.g)
p=1-¢
where Np < 1. Guarantees
VI[Beil=0% t>1,1<i<N

But... What if N is large? (complexity, estimation)
Non-integer periods?



Fourier Series

Decompose periodic function f(x):
f(x) = Z ai sin (2mkx/P) + by cos (2mkx / P))
k=1

where P is the period.
» 3, — 0, by > 0as k— o0
» smoother functions have fewer large ay, by values
» approximate f(x) by truncating series.
Equivalently, use ay sin (2mkx/P + ¢x).



Quasi-Sinusoidal

Define QS (9, o, 02)

Yt = Q1
ay ~ Normal (0, X)
a1 = ¢Upar + e
1t ~ Normal (O, (1 — ¢2) Z)
¥ = diag (0?,0?)
Uy = counterclockwise rotation by angle ¢

[ cosf) —sind
“\ sinf cos@

¢ and n; give us the “quasi.”



Quasi-Sinusoidal (2)
Some notes:
» Period of L corresponds to 6 = 27/L.
» To be approximately sinusoidal, ¢t should be close to 1.
» If ¢ =1 then y; = f(t), where
a ~ Rayleigh (o)
¢ ~ Uniform (0, 27)
f(x) £ acos (x0 + ).
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L =100, ¢- =0.95 o =1

Plots

300

250

200

150

100

T
ol

T
00§00 G-

St 50 L0l g0

3

8

2

m m

]

3

o v

g

3

A /
T T T T T T T T T T T T
§L 0L S0 00 S0 0 G- S 0L S0 00 SO Ok Si-

300

250

200

150

100

300

250

200

150

100

50



L =100, ¢t =0.99, 0 = 1

Plots
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Quasi-Periodic Model — Attempt 3

QP(L7¢5C):M1++MH
My = QS (27k/L, ¢, cio?)

n
E c,% =1
k=1

Notes:
» Stationary mean is 0.
» Stationary variance is o2,
» Non-integer periods allowed.
» Smaller n / more rapidly decreasing ¢, mean smoother pattern.

But how do we choose the coefficients ¢, ?



