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Why State-Space Models?

Flexible time-series analysis:
» Forecasting
» Predictive distribution / interval

v

Anomaly detection

v

Multiple related time series

v

Decomposition:

> local level

local linear trend
periodicity
shocks

noise

vV vy vy
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Smoothing

v

Missing data

» Time-varying linear regression / factor analysis



Time Series Models

» Joint probability distribution over random variables
Y1, Y255 Yty e on
» Variable y; may be scalars or vectors.

» Discrete y;:

Pr(ivi=Y1,...,yet = Y: | 0)
» Continuous y;:

Pr(iYi—e<y1 <Yi+e....Yi—e<y:<Yi+e|b)
» Derive algorithms from model:

» Estimation of parameters
» Forecasting of future y; (or sums)

> with prediction intervals / quantiles

» Decomposition (local level & linear trend, periodicity, shocks)



A Model Hierarchy

» General time-series models:
» arbitrary joint distribution
» State-space models:

» hidden state sequence a1, ap, ... with Markov property
» observation distribution for y; conditioned on state ;.

» Dynamic (generalized) linear models
» a1 is linear fct of ay, plus Gaussian noise
> ¢ (or f(y:)) has distribution with mean p; that is linear fct of
Q.
> y; ~ Normal (/,Lt,az) for DLM.
> y: ~ Poisson (exp (u¢)) for dynamic Poisson (counts).



Summing DLMs

Suppose that
> Uy, U, ..., Ut ...~ DLM,
> vi,Vo,..., V...~ DLM,
> V= U+ V¢

Then
> Y1,Y2,.-, Yt,... ~ DLM,

Similarly for generalized DLM.

Basis for decomposition—sum up
» DLM for local linear trend
» DLM for “random walk” deviations from trend
» DLM for daily/weekly patterns

» DLM for effects of external events



White Noise

¥t ~ Normal (u, 02)
0= (n,0%)
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Linear Regression
ye=pt+7+e

€+ ~ Normal (0, 02)

0= (8,7,0°)
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Linear Regression (Alternate Form)

a1 =p+7y
arp1 =z + 3
Ye=0ort+ €

€+ ~ Normal (O7 02)

Suggests generalizations:
> a3 ~ Normal (,u, 08)

> Let [ vary slowly over time.



Random Walk )
y1 ~ Normal (,LL, UO)

Yt+1 = Yt T €t
€+ ~ Normal (0, 052)

0= (/L,O’%,O’S)
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Local Level Model

Random walk + white noise.

a1 ~ Normal (,u, ag)
Q41 = Qt + 1t

1t ~ Normal (O, 0127)

Ye = o+ €

et ~ Normal (0, 062)

0= (u,aé,ag,ag)



Local Level Model (plot)
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Random Walks Can Wander Far
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Square-root growth.




AR(1)

Mostly stay within p + og.

Random-walk behavior with variance o2

rw’

y1 ~ Normal (,u, 08)

Yer1 = pA o (e — p) + e
e+ ~ Normal (0, afw)




AR(1) example plot
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AR(1) example plot repeated
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Integrated Random Walk

Let y;+1 — yt be a random walk:

y1 ~ Normal (,uyo, 050)

Vi1 = Ye + Bt

and

81 ~ Normal (,U,ﬁo, 0[230)
Bri1 ~ Br + €

€+ ~ Normal (0, 062)

Compare to alternate form of lin regr.



Integrated Random Walk (plot)
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Integrated AR(1)

Let y;11 — y: be a random walk:

y1 ~ Normal (,uyo, 0}2,0)

Vi1 = Ye + Bt

and

(1 ~ Normal (Mﬁo, 0[230)

Be+1 ~ pgo + ¢ (Be — ppo) + €t
e: ~ Normal (0, 052)



Integrated AR(1) (plot)
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